Black holes in scalar-tensor gravity 
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Hawking has proven that black holes which are stationary as the endpoint of gravitational collapse 
in Brans-Dicke theory (without a potential) are no different than in general relativity. We extend this 
proof to the much more general class of scalar-tensor and f(R) gravity theories, without assuming 
any symmetries apart from stationarity. 
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In general relativity, spacetime singularities are in- 
evitable, as established long ago by the celebrated sin- 
gularity theorems of Hawking and Penrose 0, 0. It 
seems that, generically, spacetime singularities resulting 
from the collapse of concentrated distributions of mass- 
energy are cloaked by horizons, resulting in black holes 
Additionally, these black holes, provided that they 
are stationary as end-states of collapse, also have to be 
axisymmetric Q and are, therefore, rather simple objects 
described by the Kerr-Newman line element. 

One is tempted to ask whether black holes in gravity 
theories other than general relativity will also share this 
last property or whether they will be significantly differ- 
ent. This question becomes more pertinent if one con- 
siders the rather compelling indications that, when one 
attempts to formulate a quantum version of rclativistic 
gravity, one is forced to introduce elements foreign to 
general relativity, such as extra fields coupling explicitly 
to the curvature or higher order curvature corrections, 
which amounts to introducing extra degrees of freedom as 
well. Theories with non-minimally coupled scalar fields 
are typical examples of low-energy effective actions for 
quantum gravity models. Additionally, scalar fields cou- 
pled minimally or non-minimally to gravity have been 
extensively studied in recent years as potential models of 
dark energy [H[ (f(R) gravity theories, see Refs. 0,0| for 
reviews, can ultimately be reduced to particular scalar- 
tensor theories 

The prototypical scalar-tensor alternative to general 
relativity is Brans-Dicke theory [ll|, which contains a 
scalar field mimicking the dilaton of string theories, and 
is described by the action 



Sbd = 



-g I tpR- —V^^Vuf + Lmig^,^) 



(1) 

where g is the determinant and R is the Ricci scalar of 
the metric g^ v , V M denotes the corresponding covariant 
derivative, L m is the matter Lagrangian, and tp collec- 
tively denotes the matter fields. It is implicitly assumed 
that the matter fields couple minimally to g^ v . This 
makes g^ v the Jordan frame metric (per definition). It 



has been shown by Hawking in 1972 that black holes 
which are the endpoint of collapse can be solutions of 
Brans-Dicke theory if and only if they are also solutions 
of general relativity fl2l ]. 

Brans-Dicke theory belongs to a more general class of 
theories, dubbed scalar-tensor theories of gravity, whose 
action has the form 



ui{tp) 



-V(tp) + L m (g ilv ,vb) 



(2) 



That is, with respect to Brans-Dicke theory, a>o has been 
turned into an arbitrary function of tp and a potential for 
tp has been added. One could think of generalizing the 
action further by turning the coupling to R into a general 
function of tp as well, but this essentially amounts to a re- 
definition of the scalar and does not really lead to a new 
theory (provided that the redefinition is regular with reg- 
ular inverse) . One could also think of coupling the mat- 
ter minimally to some conformal metric fl 2 (tp)g^. But, 
again, this would just mean expressing the same theory 
in a different conformal frame, not actually considering 
another theory (provided that the conformal factor re- 
mains regular). In conclusion, in the Jordan frame the 
most general scalar-tensor theory is characterized by two 
arbitrary functions of tp, us(tp) and Vfa). 1 

Our aim is to generalize Hawking's results for black 
holes in Brans-Dicke theory to the more general class 
of actions of scalar-tensor gravity in cq. (J5J, i.e., to show 
that isolated black holes that are the end-state of collapse 
in these theories are no different than in general relativ- 
ity. So far, this has been shown only under the additional 
assumption of spherical symmetry, see Refs. 1|1 lH and 
references therein. Instead, we will not impose any sym- 
metry assumption apart from stationarity, which simply 



1 See Refs. |13|. 1 14H for clarifying discussions about the role of con- 
formal frames in scalar-tensor gravity and the difference between 
different theories and different representations of the same the- 
ory. 
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reflects the condition that the black hole be the endpoint 
of collapse. That is, we will only require spacetime to 
have a Killing vector which is timelikc at infinity. 

The field equation one derives from the action <j2j) by 
varying with respect to g^ v and (p are 

1 - wUp) ( - - 1 - x - \ 

+ - (v^V v ip - g^Op) - ~^~9^ , (3) 

(2w + 3)Op = -uj'V X ipV X ip + ipV' -2V , (4) 

respectively, where □ = V a Va, a prime denotes differ- 
entiation with respect to the argument, and we have ne- 
glected the matter since we are interested in vacuum so- 
lutions. The condition that the black hole be isolated 
can be translated into the requirement that it should 
be asymptotically flat, i.e., at spatial infinity the met- 
ric should approximate Minkowski space and the scalar 
should go over to a constant <po. However, this can only 
be true if V((po) = and 

<p V , (<po)-2V(( Po )=0. (5) 

It might seem that our requirement for asymptotic flat- 
ness strongly restricts the type of theories which we can 
consider: it is quite common for instance (especially in 
cosmologically motivated models) for scalar-tensor theo- 
ries to have V(0o) 0, which would lead to an effective 
cosmological constant. However, one has to bear in mind 
that asymptotic flatness is clearly an idealization reflect- 
ing the requirement to consider an isolated black hole. 
Indeed, any realistic black hole is embedded in a cosmo- 
logical background. To the extent that it is reasonable 
to expect this cosmological background not to affect local 
physics, which is the very assumption under which one 
effectively neglects the stress-energy tensor of the cosmic 
fluid in the first place in such considerations, we should 
be able to safely neglect a non- vanishing V(<fo) as well. 
Formally, this can be achieved by shifting the potential 
by a suitable constant which one considers part of the 
stress-energy tensor of the cosmic fluid. 

Based on this consideration, for what concerns us here, 
we restrict our attention to theories for which V(cpo) = 
for concreteness, but we regard this condition as physi- 
cally non-essential. On the other hand, the condition in 
cq. (O appears to be more fundamental. It essentially 
reflects the fact that, if the potential for the scalar has 
no extrema or is not bound, there cannot be constant ip 
solutions. 

Provided that the aforementioned conditions hold, it 
is evident that vacuum solutions of scalar-tensor grav- 
ity with tp = ipo will be solutions of general relativity. 
In the remainder of this paper we will argue that the 
only stationary, asymptotically flat black hole solutions 
of scalar-tensor gravity are indeed solutions with ip = ipo. 



Instead of using the Jordan frame, one can use a differ- 
ent conformal frame, which can prove very advantageous 
for certain calculations. The most commonly used al- 
ternative is the Einstein frame, which is defined as the 
frame in which the scalar couples minimally to gravity 
(and, therefore, non-minimally to matter). The confor- 
mal transformation g^ = ip <?^„, together with the scalar 
field redefinition 

brings the action © to the form 

Sst = J dW^^ - ^V^V^ 

~U(0)+L m (g^,^, (7) 

where U(<f>) = V(ip)/ip 2 and g^ v is (per definition) the 
Einstein frame metric. R is the Ricci scalar of that met- 
ric, g is its determinant, and V M is the corresponding 
covariant derivative. Note that g^ appears in L m , effec- 
tively signaling the non-minimal coupling between mat- 
ter and <fi. 

Here we are interested in black hole solutions, which 
are vacuum solutions, and so we neglect again L m . It be- 
comes immediately apparent that, in this case, we remain 
with only one free function specifying the theory within 
the class, U(cj>) (or V((p)). The field equations that one 
derives by varying the action ([7]) with respect to g^ u and 
<j) are 

R^-\R9nu = 8kT* u , (8) 
□0 = U\<j>), (9) 

respectively, where 

?& = V^V„* - i. 9 ^V A 0VV - U[tt>) giu> . (10) 

Given that the conformal factor in the transformation 
that relates the Einstein and the Jordan frame is just 
ip, symmetries remain unaffected. That is, in the Ein- 
stein frame one will still have a Killing vector which 
is timelike at infinity. At the same time, asymptoti- 
cally flat solutions are mapped into asymptotically flat 
solutions (provided that cj((p) 7^ —3/2 and does not di- 
verge 2 ). Finally, it is easy to verify that the condition ([5]) 
corresponds to U'(<f>o) = and that V((po) = implies 
U(4>o) = 0. These considerations provide the full set-up 
of the problem in the Einstein frame. 



2 When u = —3/2 the scalar does not have dynamics and the 
theory reduces to general relativity in vacuo. This theory is 
equivalent to Palatini f(R) gravity fl7l. 1 18H ■ 
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The main reason for one to use the Einstein frame is 
that in this frame T^ v does not contain second derivatives 
of the scalar. It can, therefore, satisfy the Weak Energy 
Condition with the mild assumption that U (or V 
in the Jordan frame) does not become overly negative. It 
has been shown in Ref. Q that stationary, asymptotically 
flat spacetimes which satisfy this energy condition are 
necessarily axisymmetric and, therefore, there is a second 
Killing vector which is spacelike at spatial infinity. 

Now let S\ be a partial Cauchy hypersurface for 
J + (y~) n J~(J? + ) (the intersection of the topological 
closure of the causal future of past null infinity with the 
topological closure of the causal past of future null infin- 
ity) and 6>2 a second Cauchy hypersurface obtained by 
moving each point of Si a unit parameter distance along 
the integral curves of £ M . Consider the volume V bounded 
by a portion of the black hole horizon, the two Cauchy 
hypersurfaces and a timelike 3-surface at infinity. As- 
sume that the scalar is not sitting at the minimum of its 
potential everywhere. 3 Multiplying both sides of eq. ((9]) 
by U' and integrating over the volume V one obtains 

/ d^x^~g U'((j>) Of, = [ d i x^U' 2 {(f>). (11) 
Jv Jv 

One can rewrite this equation as 

/ d 4 .T^[C/"(0)WV^ + C/ /2 (0)] = 
Jv 

= [ d 3 x^\h\U'(0)V^n», (12) 

JdV 

where dV denotes the boundary of V, is the normal 
to the boundary, and h is the determinant of the induced 
metric on the boundary. Now split the boundary 
into its constituents. The black hole horizon part will 
not contribute to the integral because the normal to the 
horizon is a linear combination of the two Killing vectors 
^ and which generate the symmetry that the scalar 
respects, so £ M V^0 = C M V ^ = 0. The integrals over the 
two Cauchy hypersurfaces will have opposite values and 
cancel each other. Finally, asymptotic flatness requires 
that the integral vanishes over the timclike surface at 
infinity, as <p — > cf>Q. Therefore, one obtains 

/ d 4 xy/^[U"((f>)S7^<l)S7 fl <p + U /2 ((f>)] =0. (13) 
Jv 

U l2 (4>) is manifestly positive or zero. Since the gradient of 
the scalar has to be orthogonal to both Killing vectors, it 
can only be spacelike or zero, which implies that VVV M </> 
is positive or zero as well. However, as long as 

u"{4>) > 0, (14) 



V can be zero at a point, along a curve, or even on a hypersur- 
face because the contributions to the integral from these lowcr- 
dimcrisional sets vanish. 



cq. (fTB")) cannot be satisfied unless <f) — 0o an d U'((j>o) = 0. 

From this one can conclude that, provided that the 
condition (|14l) holds, the only stationary, asymptotically 
flat black hole solutions are solutions of general relativ- 
ity. The condition ([H)) has a straightforward physical 
interpretation: it is a local linear stability condition for 
the scalar, i.e., if U" < at a neighborhood of a space- 
time point, then the scalar is unstable there. Therefore, 
in theories with multiple extrema in the potential, there 
can also exist stationary, asymptotically flat black hole 
solutions which are not solutions of general relativity, but 
they will be linearly unstable. 

Let us now discuss the subtleties and limitations of the 
proof just presented. First of all, clearly our approach 
hinges on the assumption that V(tp) ^ (or equivalently 
U(<j>) ^ 0) in the first place. However, when V(ip) = 0, 
Hawking's original proof for Brans-Dicke theory applies 
unmodified to scalar-tensor theories with uj = to (ip), pro- 
vided that Lu((p) —3/2 and does not diverge. This is 
simply because, in the absence of matter, ui can be ab- 
sorbed in the scalar redefinition in the Einstein frame. 

Theories where oj can diverge are not covered by our 
proof. Also, for all theories, there is the possibility to 
have solutions which are different from general relativity 
if ip diverges somewhere in spacetime, as this would sig- 
nal a breakdown of the conformal transformation from 
the Jordan to the Einstein frame. For example, such a 
maverick solution where ip diverges on the horizon has 
been found for a conformally coupled scalar j^J (though 
it is linearly unstable (2l|). It is worth mentioning that 
these restrictions on oj and tp do not apply if the scalar 
field is assumed to be minimally coupled in the Jordan 
frame (then Jordan and Einstein frame coincide), as for 
example in simple quintessence models. Lastly, as men- 
tioned earlier, metric f(R) theories of gravity are equiv- 
alent to the special class of scalar-tensor theories with 
uj = and a potential whose functional form is related to 
the 1 functional form of / [§4l0|. As such, they are covered 
by our proof. 

In our approach we have completely neglected the mat- 
ter sector of the theory. However, it is straightforward to 
verify that allowing the presence of conformally invariant 
matter will not affect the outcome. The requirement of 
conformal invariance guarantees that, given that matter 
does not couple to <p in the Jordan frame, it will also not 
couple to 4> in the Einstein frame. Therefore, our results 
arc actually applicable not only to vacuum, but also to 
electro- vacuum black holes. 

Finally, let us re-examine our two assumptions, namely 
that the black holes should be stationary and asymp- 
totically flat. The first assumption, as we have repeat- 
edly mentioned, reflects the requirement that the black 
holes represent quiescent objects which are the final state 
of gravitational collapse. The second assumption stems 
from the requirement that the black holes be isolated ob- 
jects. Imposing asymptotic flatness forces one to neglect 
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the contribution of a(n) (effective) cosmological constant, 
as well as of the background cosmology in which the black 
hole will realistically be embedded. However, to the ex- 
tent that one can trust that local physics is not affected 
by such contributions, and for black holes whose charac- 
teristic scale is much smaller that the Hubble scale, we 
expect asymptotic flatness to be an excellent approxima- 
tion (in fact it is the standard assumption in black hole 
physics and for solutions describing stars). 

To summarize, we have considered the fairly general 
class of scalar-tensor theories of gravity (which also in- 
cludes f(R) gravity) and we have shown that isolated 
black holes which are the end-state of collapse are so- 
lutions of this class if and only if they are solutions of 
general relativity, unless: (i) they are linearly unstable, 
or (ii) the scalar is non-minimally coupled to gravity and 
diverges somewhere in spacetime, or (iii) the scalar vio- 
lates the Weak Energy Condition in the Einstein frame. 
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